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Abs t rac t  

We find the contact group of non-relativistic accelerated systems. A comparison with the 
relativistic situation is made. 

1. In t roduc t ion  

In a previous work (Boya & Cerver6, 1974), the general theory of contact 
transformations in a I + 1 space-time model has been stated in connection 
with those transformations which conserve systems with constant relative 
acceleration. The purpose of the present work is to apply this scheme to the 
non-relativistic situation and to make a comparison between both cases. 

In Section 2 we obtain the infinitesimal group for the non-relativistic case, 
and through the commutation rules we show in Section 3 the equivalence with 
the contact relativistic group; the corresponding coordinate transformation is 
highly non-linear. The results of the contraction group theory are applied in 
Section 4 to connect the punctual subgroups in both cases (hyperbolic con- 
formal group in the relativistic case, and 'Hill group' in the other). The overall 
relation, including the Galilei group, is completed in Section 5. 

2. Non-Relat iv is t ic  Contact  Transformation Group 

If (x, t, v = d x / d t )  are the coordinates in the ' tangent projective bundle'  
over R2: (x, t) (cf. Boya & Cerver6, 1974), an infinitesimal contact trans- 
formation: 

x -~x '=x  +rn(x, t, v) 
t-+, t ' =  t + r~7o(X, t, v) 

v - + v '  = v + r w ( x ,  t, v) (2.1) 
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has a generating function 

q5 = vr~o - ~7 (2.2) 

I f a  = d 2 x / d t  2, b = d 3 x / d t  3, and the extended contact transformations are 
a ~ a' = a + rk(x ,  t, u);b -~ b ' = b + tO(x, t, v), then: 

..... k = y2 + 2 a Y  O - ~ + a 2 - - + a  q~ (2.3) 
av Ov 2 

a3 
- 0 =  Ya + 3 a y 2  ~--+ 3 a 2 y  ~2 + a 3 - - +  3 a Y  O-~- 

ov 3v ~ ~v 3 3x 

where 

+ 3 a  2 ~ + b  ao_~_+3ya_~_ + a cb (2.4) 

a a 
Y = - - + v  - -  

at 3x 

The differential equation of  all non-relativistic reference systems with con- 
stant relative acceleration is obviously: 

d3x  
b = d - ~  = 0 (2.5) 

i.e. 0 = 0 in (2.4), which gives rise to the following equations, obtained by 
putting equal to zero each power of a: 

Y3eb = 0 (2.6) 

y2 Ocb + Y 3_~ = 0 (2.7) 
3v 3x 

~2~ ~2~ = 0 (2.8) 
Y ~  + 3v 3x 

a3c~ 

3u 3 = 0 (2.9) 

The last equation has a general solution: 

• (x, t, v)=A(x,  t)v 2 +B(x, t )v+C(x,  t) (2.I0)  



CONTACT TRANSFORMATIONS AND CONFORMAL GROUP 57  

Equations (2.6) to (2.8) then imply: 

A x  = 0 

A t = - ½ B  x 

Bxx  = 0 

B t t  = - G x  

2Ar t  + 3Btx  + Cxx = 0 (2.1 I) 

'All third-order derivatives of  A,  B, C are zero' (2.12) 

which allows a complete solution for the generating function in terms of  ten 
arbitrary constants: 

q~ = X I ( ½ p 2 t  2 -- VtX -t-x 2) + X2(½U2t - uX) 

+ )k3(½P 2) + X4(Pt +X)  + ),s(Pt -- X) + )t6t 

+ xT(l t  2) + Xs(½ut 2 - tx)  + X9p + XlO (2.13) 

and from the known relations between • and the infinitesimal contact group: 

no az,' rz = ~, ~ - ~; co = - Y¢ 

We can write ten independent invariant vector fields in (x, t, u) in the form: 

Y1 = (½ vt2 - tx)  ~ + (¼p2t2 - x 2) + (½p2t - px) 0~- 

a a ½.2 a 

_ _ +  ½ p 2 - -  
Y3 = u 3t bx 

Y4 = t - - -  x - - -  2 u - - -  
Ot Ox Ou 

Ys = t - ~  + X ~x  

3 
Y6 = t - -  + - -  

~x ~u 
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y7 =½t2 a 8 7x+t7 
a a a 

Ys =½t2 ~ +xt~x+x 

Y9 8t 

i) (2.14) 
Ylo ~x 

The corresponding commutation relations can be easily computed; we omit 
the results for brevity. As in Boya & Cerver6 (1974), the linear transformation 

= Ys and ~3 = ½ (Ys - Y4): 

Y1 = - ½ ( J 3 4  + J3s + J14 + J15) 

Ya = -½(J34 + J3s - J14  - J15 )  

Y7 = - ½ ( J 3 4  - J35 + J14 - J15) 

YlO = - ½ ( J 3 4  - -  J3s - J14 + J l s )  

1 1 
Y8 = - - - ' ~ ( J 1 2  +J32), Y9 = - r e - ( J12  - J32) 

V Z  V z  

1 1 
r :  = - - ~  ( & 4  + & d ,  Y6  - - = ( & ~  - s : ~ )  

Vz V z  

fl = - J 4 s  & = J31 (2.15) 

allows us to write the commutation relations in compact form as 

where g ~  " (diag gc~ : + + - + - ) ;  i.e. the group will be 03, 2. 

(2.16) 

3. Equivalence Between Relativistic and Non-Relativistic Cases 

In Boya & Cerver6 (1974) we obtained the same group for the relativity 
case, in fact, the isomorphism between both cases was already noted by Hill 
(1945). We expect a non-linear transformation in the g¢ 3 spaces, which brings 
about that equivalence, in fact, if 

X'o = - 2i(x + Xo) ~ l  - p "~ 

x'  = i L[(x - Xo) - (x +Xo) 1---~p ] 1  - p  (3.1) 

, / ~ : p  
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and remembering x 0 = ct  and p = u/c, a straightforward but tedious calculation 
gives (cf. Boya & Cerver6, 1974): 

X l  -+ -- i Ys X6 ~ - .  L (Y1 + ½YT) 
2c 2 c 

i 
X2 "+ - --3- (Y2 + Y6) X7 ~ Ys 

c -  

• 1 x3-~L(r2c -½r6) x8  - + -  ~ (rs  - r4)  

i 
X4 ~ - ~ Y9 

c -  
X9 -~ - i ( Y l o  + 2Y3) 

X s  - + - i ( Y 1  - ½YT) Xlo ~ / ( Y 1 0  - 2 Y 3 )  ( 3 . 2 )  
c 

In this transformation the group structure is not changed, as for example, the 
' i '  affects an even number of  signs in the metric. 

4. Group Contraction 

The Galilei group appears, as is well known, from contraction of  the 
Poincar~ group (In6nfi & Wigner, t953,  1954; ln6nti, 1964). Does this 
relation persist for the conformal and contact  conformal extensions? This is 
the question we address ourselves here. Of course, in the last step we have 
isomorphism; thus no contraction is allowed. But the conformal hyperbolic  
group (written with x o = ct): 

c2t2+x2 (1 = - - + X  -- Xs 2c 2 at + Xt aX C 2] 3P 

x t  ~ c2t  2 + x 2 a 
X 6 = - - - - +  c z at 2c 2 ~x 

+ t - 3--~ 

3 3 
x7  = t = + x  

o f  

. . . .  + t - - +  1 - - -  
X s  - c2 3t  3x 3v 

3 
X9 b t '  Xl°  3x (4.1) 
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becomes, when c -~ ~ :  

X s  -~ X s  c ½t 2 a 3 3 = - - + X t  + X - - =  Y8 
at ~-x av 

X6  c ½t 2 a a = - - + t - - = y 7  
ax av 

a a 
X7 e = t - -  + x - -  = r s ,  

at  ax 

a a 
x 8  c = t - -  + - -  = Y6, 

ax av 
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a 
x 9 e  at Y9 

a 
Xl°C ax Y10 (4.2) 

This is equivalent to a contraction with respect to the subgroup generated 
by Xs, X7 and Xg. 

One thus expects to obtain the point group of  the non-relativistic equation 
(2.5), but this is not so because that group includes Ys . . . . .  Y lo  plus Y4, and 
I"4 is not obtained from contraction. In other words, the transformation (2.2) 
does not preserve the projection: contact group -+ point group. 

5. Galilei Group and Con formal  Transformations 

As in Kastrup (1966), it is to possible to prove that the contact group of  

d2x  
a o - d t  2 - cons. (5.1) 

is a point group (including the Galilei group), unenlarged by pure contact 
transformations. In fact from (2.3), (5.1) implies k = a~), that is a system of 
equations, one of  which is 

azO 
av 2 = 0 (5.2) 

which, as remarked in Boya & Cerver6 (1974), imply pure point transformations 
(i.e. r /and % do not depend on v). 
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