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Contact Transformations and Conformal Group.
I1. Non-Relativistic Theory
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Abstract

We find the contact group of non-relativistic accelerated systems. A comparison with the
relativistic situation is made.

1. Introduction

In a previous work {Boya & Cerverd, 1974), the general theory of contact
transformations in a 1 + 1 space-time model has been stated in connection
with those transformations which conserve systems with constant relative
acceleration. The purpose of the present work is to apply this scheme to the
non-relativistic situation and to make a comparison between both cases,

In Section 2 we obtain the infinitesimal group for the non-relativistic case,
and throuzh the commutation rules we show in Section 3 the equivalence with
the contact relativistic group; the corresponding coordinate transformation is
highly non-linear. The results of the contraction group theory are applied in
Section 4 to connect the punctual subgroups in both cases (hyperbolic con-
formal group in the relativistic case, and ‘Hill group’ in the other). The overall
relation, including the Galilei group, is completed in Section 5.

2. Non-Relativistic Contact Transformation Group

If (x, ¢, v = dx/dt) are the coordinates in the ‘tangent projective bundle’
over R2: (x, 1) (cf. Boya & Cerverd, 1974), an infinitesimal contact trans-
formation;

x—-x'=x+m, 1 v)
t=>t =+ mx, 1, v)

!
vy =utTwlx, ¢ v) (2.1)
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has a generating function
$p=wvne— 7 (2.2)

Ifa=d 2x/dz‘z, b=d?x/dt3, and the extended contact transformations are
a—~a' =a+71k(x, t,v);b>b"=b+10(x, ¢, v), then:

k= Y2+2aY—§—+a2ﬁ+ 2\
P» 52 aax (2.3)
] 92 33 9
—0=|Y>+3aY? —+342Y — +4% —— 2
( a ov e vl ta av3 +3aYax
92 92 3 9
+3a? Q+h{3a—5+3Y —+—
a axav) (szauz 3Yav ™ & {2.4)
where
Y=—a-~+v—a—
ot 0x

The differential equation of all non-relativistic reference systems with con-
stant relative acceleration is obviously:
d3x
b=—5=0 2.5
e (2:5)
i.e. 8 = 0in (2.4), which gives rise to the following equations, obtained by
putting equal to zero each power of a:

Y36 =0 (2.6)
yzg_fwgg:o @.7)
Y%;—f— + aizgx =0 (2.8)

2—:?— =0 (2.9)

The last equation has a general solution:

P(x, 1, v) = Alx, )w? + B(x, yv + C(x, 1) (2.10)
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Equations (2.6) to (2.8) then imply:

Ay =0
A, =—1B,
By =0
By =—Cyx
2A4,; 3B +Cyy=0 (2.11)
‘All third-order derivatives of 4, B, C are zero’ (2.12)

which allows a complete solution for the generating function in terms of ten
arbitrary constants:

O =N (3% — vtx +x D) + 0, (30% - wx)
+ A3(30?) + Ngr+X) + hs(0f — x) + Aot
+)\7(%l‘2)+7\3(%1)t2 - tx)+)\9V+?\10 (213)

and from the known relations between ® and the infinitesimal contact group:

%, n=v~a“¢~—¢; w=-Y¢

o= o’ v

‘We can write ten independent invariant vector fields in (x, ¢, v) in the form:
) 0 5]
Y, =@ur? - ) —+ G2 - x3) — + r?r— o) —
P= ot - ) oot

9 d 3
Y2=(Vt—x)a—t+%vzl5;+%vza—v

Yy=p—+3p
3 ar 2

) ]
Y4=['_ — R
ot ox ov
b}
Ys=t—+x—
s o xax
8 ¢
Y6=f""' F—
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0 ov

0 0

Yo =31t gt hxg
Y -0
° ot
0

Y.q=— (2.14)

10 ax

The corresponding commutation relations can be easily computed; we omit
the results for brevity. As in Boya & Cerverd (1974), the linear transformation
a=Ysandf=3(Ys — Y4

Y1=—3(J34 + T35 + J1a + J15)
Y3=~3(Jaa +J35 — J1a — J15)
Y7 =—3(J34 —J3s * J1a — J15)
Yi0= ~$(J34 — Jas = J1a + J15)

1 1
Y8=“"\7_2—(J12+J32)= Yg:*ﬁ(hz—fsz)

L

1
Yzz—\/i-(fm‘“fzs): Y6=“_\/"—5(J24_J25)

B==Jss a=Js (2.15)
allows us to write the commutation relations in compact form as
[Jass J«,a] =(gpyJas * 8us Iy — aylps — gﬁﬁjay) (2.10)
where gag : (diag gop : ++—+-); i.e. the group will be O3 ».

3. Equivalence Berween Relativistic and Non-Relativistic Cases

In Boya & Cerverd (1974) we obtained the same group for the relativity
case, in fact, the isomorphism between both cases was already noted by Hill
(1945). We expect a non-linear transformation in the R3 spaces, which brings
about that equivalence, in fact, if

[ . lﬁp
x0=—2z(x +x0) / 1+p

x'=i[(x-x0)—(x +xo)1_z] (3.1

1+
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and remembering x = ¢t and p = v/c, a straightforward but tedious calculation
gives (cf. Boya & Cerverd, 1974):

1 i
Xl‘)”i“fys Xg>—— (Y1 +3Yy)
c c

i
X2->~;2-(Y2+Y6) DO

i 1
X3>— (Y, —3Ye) Xg=>——(¥s5~Ys)
c 2¢

i
X4">“c_2'Y9 Xg_’“i(Y10+2Y3)
i
Xs > —i(Y1 = 3Ys) Xy~ (Y10—2Y3) (3.2)

In this transformation the group structure is not changed, as for example, the
7" affects an even number of signs in the metric.

4. Group Conrraction

The Galilei group appears, as is well known, from contraction of the
Poincaré group (Indénil & Wigner, 1953, 1954, Inénii, 1964). Does this
relation persist for the conformal and contact conformal extensions? This is
the question we address ourselves here. Of course, in the last step we have
isomorphism; thus no contraction is allowed. But the conformal hyperbolic
group {written with x¢ = ct):

¥ 2P +x? B s ta el PEAN
= e e b xf —— b X ] - 5 | —
s 202 Bt ax c? ) o

c? ot 20 ax c?f v
X t + 9
=fp——tx
T T ax
_xa, 0 [ 28
87 2o ox 2 o
b} 0
Xg =77 Xyg =7 (4.1)
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becomes, when ¢ = oo:

d
XX =4 —txt—+x—=Y
TS Ty T T e TR
xe=12 2oy
6 ax oy 7
) 0
XSf=t—+x—=Y,, X ==
T xS S T °
0 3 d
Xf=t—+—=Y,, Xif=—=Y 4.2
8 PR 10 =5-=T1o 4.2)

This is equivalent to a contraction with respect to the subgroup generated
by Xs, X7 and X.

One thus expects to obtain the point group of the non-relativistic equation
(2.5), but this is not so because that group includes Ys, . . ., Yy plus Y4, and
Y, is not obtained from contraction. In other words, the transformation (2.2)
does not preserve the projection: contact group - point group.

5. Galilei Group and Conformal Transformations
As in Kastrup (1966), it is to possible to prove that the contact group of
%
dr?
is a point group (including the Galilei group), unenlarged by pure contact

transformations. In fact from (2.3), (5.1) implies k = ay, that is a system of
equations, one of which is

ag = comns. 5.1

R
P =0 (5.2)

which, as remarked in Boya & Cerver6 (1974), imply pure point transformations
(i.e.n and ng do not depend on v),
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